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Emmy Noether

Symmetry and Conservation Law
• Noether theorem is a profound theorem in physics.

• Continuous Symmetry      Conservation Law

• Space/time translation      momentum/energy

• Rotation      angular momentum

• Internal U(1)      charge conservation  
 
 

• If the internal symmetry ∈ Lie groups, say SO(N), 
 
every generator        → associated conserved current

,
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Symmetry Breaking and Emergence
• Spontaneous Symmetry Breaking (SSB)

• Hamiltonian: symmetric → ground state: symmetry broken

• Each broken symmetry generator  
→ a Nambu-Goldstone mode (assuming Lorentz invariance)

• Emergent Symmetry 

• Hamiltonian: no symmetry → low-energy excitations: 
asymptotically acquire symmetry at long distance  
 
 

• Noether theorem: each emergent symmetry generator  
→ an emergent conserved current (for internal symmetries) 

• Can we observe these consequences?
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Deconfined Quantum Critical Point (DQCP)
• Exotic quantum critical point between two SSB phases: 

Néel and valence bond solid (VBS) in (2+1)D
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• Beyond Landau-
Ginzburg-Wilson 
(LGW) paradigm.

• Deconfinement: 
fractionalized spinons 
and emergent gauge 
fluctuations

• Emergent continuous 
symmetry: 
SO(5), O(4) …



Easy-Plane J-Q (EPJQ) Model
• Easy-Plane J-Q (EPJQ) Model  
 
 
 

• Square lattice, spin-1/2       per site, anisotropy 

• Singlet projection operator on bond

AFXY DQCP VBS
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• Order parameters 
 
 
 
 
 

• O(4) NLSM at Θ = π 
 
 

• Θ term: vortex of               carries      rep. 
             vortex of               carries U(1) rep. 

• Vortex condensation: destroy one order, establish another

O(4) Non-Linear σ-Model
n = (n1, n2, n3, n4)
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O(4) Non-Linear σ-Model
n = (n1, n2, n3, n4)
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• Order parameters 
 
 
 
 
 

• O(4) NLSM at Θ = π 
 
 

• At DQCP (λ = 0), other anisotropies are expected to be 
irrelevant, e.g                                                …

• Emergent O(4) symmetry      O(4) conserved currents … 

O(4) Non-Linear σ-Model
n = (n1, n2, n3, n4)
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Spin Excitation Spectrum
• Spin excitation spectrum Aab
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Easy-plane J1-J2 (EPJ1J2) Model

• To identify the unique spectral feature of DQCP, we introduce 
a “control group” model → Easy-plane J1-J2 (EPJ1J2) Model  
 
 

• Square lattice, spin-1/2      per site + easy-plane anisotropy

• XXZ coupling on bond 

AFXY 3D XY Columnar
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Spin Excitation Spectrum
• Spin excitation spectrum for EPJQ model

AFXY DQCP VBS
ASxx ASxx ASxx

ASzzASzzASzz

Ma, Sun, You, Xu, Vishwanath, Sandvik, Meng, arXiv:1803.01180



Deconfined Quantum Critical Point (DQCP)
• Spectrum: DQCP v.s. 3D XY

EPJQ (DQCP)
ASxx

ASzz

ASxx

ASzz

EPJ1J2 (3DXY)
• Spinon continuum  

at momentum           

• Spin density  
at momentum 

• XY-VBS current 
at momenta
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Identify Noether Currents
• Emergent O(4) symmetry rotates the O(4) vector 
 
 
 

• Noether theorem

• Each generator        :

• Associate with a conserved current         with 
 
 

• SO(4) has 6 generators, each current has (2+1) space-time 
components → altogether 18 components

• Not all of them appear in the spin excitation spectrum …

n = (n1, n2, n3, n4) = (Nx, Ny, Dx, Dy)
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Conserved Currents as Spin Excitations
• In the spin excitation (S = 1) spectrum, 5 components of the 

Noether current can be observed

spin Q
n1 Nx Sx (⇡,⇡)
n2 Ny Sy (⇡,⇡)
n3 Dx – (⇡, 0)
n4 Dy – (0,⇡)
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Conservation Law from Scaling Dimension
• In (2+1)D space-time, conserved current must scale as 
 
 
 
 
 
 

• Non-conserved current will not follow the precise scaling  
 

• A vanishing     indicates the current conservation

• This exponent can be measured from spin-spin correlation, 
given their correspondence to the O(4) current
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Measurement of Anomalous Dimension
• General form of current-

current correlation  
 

• Fourier transform to 
imaginary time domain  
 
 
 
 
 

• Determine    by fitting

• Finite-size scaling 

4

FIG. 2. Spin-spin correlation functions measured at the
DQCP of model in Eq. (1), qc = 0.62, with inverse tempera-
ture � = 2L and L = 32, 48, 64, 96. (a) Gx

(⇡,0)(⌧, q) and (b)
Gz

(0,0)(⌧, q). All curves in the figures are fitting results using
Eq. (6).

FIG. 3. The anomalous scaling dimensions ⌘z
(0,0) and ⌘x

(⇡,0)

obtained from the fitting in Fig.2. As L increases, both ⌘z
(0,0)

and ⌘x
(⇡,0) extrapolate to 0, consistent with the prediction of

the conserved currents in these two channels. Inset shows the
histogram of the extrapolated ⌘ obtained from many Gaussion
noise realizations of the finite size ⌘ values. The histogram of
both ⌘z

(0,0) and ⌘x
(⇡,0) are centered at zero.

note that around Q = (⇡, 0), the spin-spin correlation re-
mains finite, so we take the QMC measurements at (⇡, 0);
whereas around Q = (0, 0) the spin-spin correlation van-
ishes with q, so we take QMC measurements at a small
momentum deviation 2⇡

L away from (0, 0). Nevertheless,
the momentum deviation q in the fitting formula Eq. (6)
is still treated as a fitting parameter (of the order ⇠ 2⇡

L )

to partially take care of the finte-size e↵ect. One can
see that for the system sizes considered, L = 32, 48, 64
and 96 (the others are not shown), the Bessel functions
in Eq. (6) fit the data well. In Fig. 2 (a) and (b), we
fit the imaginary time data with ⌘

x
(⇡,0) and ⌘

z
(0,0) as free

fitting parameters. Because the short (imaginary-)time
data contain significant contributions from high energy
excitations, for which the fitting function is no longer
valid, we dynamically choose the fitting range starting
from an appropriate short-time cuto↵ such that �2

/d.o.f

of the fitting is close to one. After fitting all system sizes
from L = 16 to L = 96, the scaling dimensions ⌘x(⇡,0) and
⌘
z
(0,0) are obtained, and their finite size scaling are given
in Fig. 3.
The extrapolated values of the fitted scaling dimen-

sions converge to zero for infinite size within numerical
errors as shown in Fig. 3 . With the system size up to
L = 96 we obtain ⌘

x
(⇡,0) = 0.002(9) and ⌘

z
(0,0) = 0.004(6)

indicating that the currents J
15
2 and J

12
0 are conserved.

The conservation of J12
0 is just the consequence of spin

U(1) symmetry, but the conservation of J15
2 is a remark-

able observation in favour of the emergent O(4) symme-
try at the easy-plane DQCP.

FIG. 4. The finite size extrapolation of the AFXY and
VBS order parameters at the easy-plane DQCP. The criti-
cal points qc for each finite size L are determined from their
corresponding Binder ratio crossings, and the largest system
size is L = 96. Inset shows the histogram of extrapolated
hN2i = 0.0009(2) and hD2i = 0.0010(3).

Discussions.- Lastly, let’s discuss the extrapolation of
the order parameters at the DQCP. As shown in Fig. 4,
the AFXY and VBS order parameters hN2i = 1

2 (hN
2
x +

N
2
y i) and hD2i = 1

2 (hD
2
x+D

2
yi) are measured for various

system sizes at their corresponding finite size qc(L) (the
determination of qc(L) is discussed in Sec. III of SM [42]),
and with system size up to L = 96, the 1/L extrapola-
tion gives very small (if not zero) hN2i = 0.0009(2) and
hD2i = 0.0010(3) at the thermodynamic limit. So at
this point, it is possible that the easy-plane DQCP is
similar to the recently found symmetry-enhanced first-
order transitions [17, 27], but with even weaker orders.
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Measurement of Anomalous Dimension
• General form of current-

current correlation  
 

• Fourier transform to 
imaginary time domain  
 
 
 
 
 

• Determine    by fitting

• Finite-size scaling 
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excitations, for which the fitting function is no longer
valid, we dynamically choose the fitting range starting
from an appropriate short-time cuto↵ such that �2

/d.o.f

of the fitting is close to one. After fitting all system sizes
from L = 16 to L = 96, the scaling dimensions ⌘x(⇡,0) and
⌘
z
(0,0) are obtained, and their finite size scaling are given
in Fig. 3.
The extrapolated values of the fitted scaling dimen-

sions converge to zero for infinite size within numerical
errors as shown in Fig. 3 . With the system size up to
L = 96 we obtain ⌘

x
(⇡,0) = 0.002(9) and ⌘

z
(0,0) = 0.004(6)

indicating that the currents J
15
2 and J

12
0 are conserved.

The conservation of J12
0 is just the consequence of spin

U(1) symmetry, but the conservation of J15
2 is a remark-

able observation in favour of the emergent O(4) symme-
try at the easy-plane DQCP.

FIG. 4. The finite size extrapolation of the AFXY and
VBS order parameters at the easy-plane DQCP. The criti-
cal points qc for each finite size L are determined from their
corresponding Binder ratio crossings, and the largest system
size is L = 96. Inset shows the histogram of extrapolated
hN2i = 0.0009(2) and hD2i = 0.0010(3).

Discussions.- Lastly, let’s discuss the extrapolation of
the order parameters at the DQCP. As shown in Fig. 4,
the AFXY and VBS order parameters hN2i = 1

2 (hN
2
x +

N
2
y i) and hD2i = 1

2 (hD
2
x+D

2
yi) are measured for various

system sizes at their corresponding finite size qc(L) (the
determination of qc(L) is discussed in Sec. III of SM [42]),
and with system size up to L = 96, the 1/L extrapola-
tion gives very small (if not zero) hN2i = 0.0009(2) and
hD2i = 0.0010(3) at the thermodynamic limit. So at
this point, it is possible that the easy-plane DQCP is
similar to the recently found symmetry-enhanced first-
order transitions [17, 27], but with even weaker orders.

Ma, You, Meng, arXiv:1811.08823



Conserved Currents as Spin Excitations
• The channels we have measured are: 
 
 
 
 
 
 

• The missing generator is 
 
 

• All generators are checked → SO(4) symmetry confirmed

• Improper Z2 symmetry is microscopic → Emergent O(4)

Tab Jµ
ab expression spin Q

T14 J2
14 Nx@yDy �Dy@yNx Sx (⇡, 0)

T13 J1
13 Nx@xDx �Dx@xNx Sx (0,⇡)

T24 J2
24 Ny@yDy �Dy@yNy Sy (⇡, 0)

T23 J1
23 Ny@xDx �Dx@yNy Sy (0,⇡)

T12 J0
12 Nx@tNy �Ny@tNx Sz (0, 0)

<latexit sha1_base64="8e78AW3ULgjapHwrffaiem8W0Cc="></latexit>

Gxx
(⇡,0), G

zz
(0,0)

<latexit sha1_base64="9ndmw4biEuNA4bJLITxmOt4Mo3U="></latexit>

✔

✔

✔

✔

✔

T34
<latexit sha1_base64="qZtPagqoGcWlW74Ehl4xBHEKrVg="></latexit>

→                 rotation (S = 0), invisible in spin channel(Dx, Dy)
<latexit sha1_base64="RrBGADO9IsKGeTySwYWkBNowMl0="></latexit>

✔

1
2i [T13, T14] =

1
2i [T23, T24] = T34

<latexit sha1_base64="0NYep3sg1/AqTuYf3BQ8RLCvmg4="></latexit>



(1+1)D Analog of DQCP
• A recent proposal: 1D DQCP (Ising-DQCP) 
 
 

• 1D spin chain, on-site symmetry

• Fix                                          , tune  
 
 
 
 
 

• Direct continuous transition between two Ising ordered 
phases → similar to DQCP in 2D.

Jiang, Motrunich (2019)

H =
X

i

(�JxS
x
i S

x
i+1 � JzS

z
i S

z
i+1 +KxS

x
i S

x
i+2 +KzS

z
i S

z
i+2)

<latexit sha1_base64="E1aatxnqU8nEKT5AgLocf8ZCx+E="></latexit>

Zx
2 ⇥ Zz

2
<latexit sha1_base64="DOUBhk/Q2l+etkvFnOdu6NYYYaM="></latexit>

Kx = Kz = 1/2, Jx = 1
<latexit sha1_base64="03a6uw2le/1iU/cjyQ/iJDIXYto="></latexit>

Jz
<latexit sha1_base64="xxKAf6R+Jf5HY9jDrhbklpfNT/Y="></latexit>

Jz

VBS z-FM

Jc = 1.4645
DQCP

Jz = 1
Majumdar-Gosh′

1



O(4) Non-Linear σ-Model
• Order parameters 
 
 
 
 
 

x-FM: n1 ⇠ Sx
i

y-AFM: n2 ⇠ (�)iSy
i

z-FM: n3 ⇠ Sz
i

VBS: n4 ⇠ (�)iSi · Si+1
<latexit sha1_base64="vAeMzPvbZjIYHG06ZKAIaIwUa1g="></latexit>

x-AFM: n1 ⇠ (�)iSx
i

y-AFM: n2 ⇠ (�)iSy
i

z-AFM: n3 ⇠ (�)iSz
i

VBS: n4 ⇠ (�)iSi · Si+1
<latexit sha1_base64="b0KxVNogkxCh2LY0m9gLGIYS8Q8="></latexit>

for AFM Heisenberg chain:

Affleck, Haldane (1987)



O(4) Non-Linear σ-Model
• Order parameters 
 
 
 
 
 

• Field theory: O(4) NLSM with k=1 WZW term + anisotropies 
 
 
 

• Translation, reflection, spin                provide 4 independent  
      symmetries, effectively flipping each component of 

x-FM: n1 ⇠ Sx
i

y-AFM: n2 ⇠ (�)iSy
i

z-FM: n3 ⇠ Sz
i

VBS: n4 ⇠ (�)iSi · Si+1
<latexit sha1_base64="vAeMzPvbZjIYHG06ZKAIaIwUa1g="></latexit>

Zx
2 ⇥ Zz

2
<latexit sha1_base64="DOUBhk/Q2l+etkvFnOdu6NYYYaM="></latexit>

Z2
<latexit sha1_base64="DB25miIoPg8QJTZiydXVG8wM6aI="></latexit>

n
<latexit sha1_base64="oQ8LhwauI7MUAKH2fXBf0cWndX0="></latexit>

L[n] = 1

2
(@µn)

2 +
ik

⇡
✏abcdna@⌧nb@xnc@und

+ �1n
2
1 + �2n

2
2 + �3n

2
3 + �4n

2
4

<latexit sha1_base64="b+mU5VHsUZQoLZTWKK6QNDO5Ws4="></latexit>



O(4) Non-Linear σ-Model
• Order parameters 
 
 
 
 
 

• Field theory: O(4) NLSM with k=1 WZW term + anisotropies

λλ < 0 λ > 0λ = 0
z-FM VBSDQCP

1

x-FM: n1 ⇠ Sx
i

y-AFM: n2 ⇠ (�)iSy
i

z-FM: n3 ⇠ Sz
i

VBS: n4 ⇠ (�)iSi · Si+1
<latexit sha1_base64="vAeMzPvbZjIYHG06ZKAIaIwUa1g="></latexit>

L[n] = 1

2
(@µn)

2 +
ik

⇡
✏abcdna@⌧nb@xnc@und

+ �(n2
3 � n2

4) + �0(n2
1 � n2

2)

+ µ(n2
1 + n2

2 � n2
3 � n2

4) + · · · (µ > 0)
<latexit sha1_base64="v37FiCUo0J9QmB2ddsUDf2GsikQ="></latexit>



O(4) Non-Linear σ-Model
• Order parameters 
 
 
 
 
 

• Field theory: O(4) NLSM with k=1 WZW term + anisotropies 
 
 
 
 

• At the DQCP, emergent O(2)xO(2) symmetry (from      )

x-FM: n1 ⇠ Sx
i

y-AFM: n2 ⇠ (�)iSy
i

z-FM: n3 ⇠ Sz
i

VBS: n4 ⇠ (�)iSi · Si+1
<latexit sha1_base64="vAeMzPvbZjIYHG06ZKAIaIwUa1g="></latexit>

L[n] = 1

2
(@µn)

2 +
ik

⇡
✏abcdna@⌧nb@xnc@und

+ �(n2
3 � n2

4) + �0(n2
1 � n2

2)

+ µ(n2
1 + n2

2 � n2
3 � n2

4) + · · · (µ > 0)
<latexit sha1_base64="v37FiCUo0J9QmB2ddsUDf2GsikQ="></latexit>

Z4
2

<latexit sha1_base64="Ai2d6l07n9gTZaULkFh0+uGQoB0="></latexit>



Identify Noether Currents
• Proposed emergent symmetry:  O(2)� ⇥O(2)✓

<latexit sha1_base64="cY738tFld9xhocER79OK9mN8kQ8="></latexit>

n1 + in2 ⇠ ei� : Jµ
� = i@µ� = n1@µn2 � n2@µn1

n3 + in4 ⇠ ei✓ : Jµ
✓ = i@µ✓ = n3@µn4 � n4@µn3

<latexit sha1_base64="hg50UVGxxrLqSwId8HNHezLepzQ="></latexit>

Tx gx gz T P
n1 n1 n1 �n1 �n1 n1

n2 �n2 �n2 �n2 �n2 n2

n3 n3 �n3 n3 �n3 n3

n4 �n4 n4 n4 n4 �n4

J0
� �J0

� �J0
� J0

� �J0
� J0

�

J1
� �J1

� �J1
� J1

� J1
� �J1

�

J0
✓ �J0

✓ �J0
✓ J0

✓ J0
✓ �J0

✓
J1
✓ �J1

✓ �J1
✓ J1

✓ �J1
✓ J1

✓
<latexit sha1_base64="ICwrqGkkFnhYlUGqtjF2b8dII7c="></latexit>



Identify Noether Currents
• On the lattice model level, we check the symmetry properties 

of spin and dimmer operators 

Tx gx gz T P
Sx
i Sx

i+1 Sx
i �Sx

i �Sx
i Sx

�i

Sy
i Sy

i+1 �Sy
i �Sy

i �Sy
i Sy

�i
Sz
i Sz

i+1 �Sz
i Sz

i �Sz
i Sz

�i

Sz
⇡ �Sz

⇡ �Sz
⇡ Sz

⇡ �Sz
⇡ Sz

⇡

�⇡ ��⇡ ��⇡ �⇡ �⇡ ��⇡
<latexit sha1_base64="Lfk+t7xGm+vd8L39LWSwneUBUaQ="></latexit>

Sz
⇡ ⇠ (�)iSz

i �⇡ ⇠ (�)i(Sx
i S

y
i+1 + h.c.)

<latexit sha1_base64="PBsZlvzg8FZiXRhxHpe9QHwMv18="></latexit>

z-AFM xy-VBS



Identify Noether Currents
• By comparing symmetry representations, 
 
 
 
 
 
 
 
 
 
we can make the identification:

Tx gx gz T P
J0
� �J0

� �J0
� J0

� �J0
� J0

�

J1
� �J1

� �J1
� J1

� J1
� �J1

�

J0
✓ �J0

✓ �J0
✓ J0

✓ J0
✓ �J0

✓
J1
✓ �J1

✓ �J1
✓ J1

✓ �J1
✓ J1

✓

Sz
⇡ �Sz

⇡ �Sz
⇡ Sz

⇡ �Sz
⇡ Sz

⇡

�⇡ ��⇡ ��⇡ �⇡ �⇡ ��⇡
<latexit sha1_base64="Xzx4Q8lEP2DIrtsPhviSgo1PCvU="></latexit>

J0
� ⇠ J1

✓ ⇠ Sz
⇡ ⇠ (�)iSz

i

J1
� ⇠ J0

✓ ⇠ �⇡ ⇠ (�)i(Sx
i S

y
i+1 + h.c.)
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Numerical Result
• By data collapse and fitting  
 
 
 
 
 
 

• Exponents are consistent with 2 
(within error range) 
→ conservation of Noether 
currents

• Improper Z2 subgroups are 
microscopic symmetries 
→ emergent O(2)xO(2) symmetry

8

ther remove the residue uniform component in �Gx(r),

we consider an even-odd subtraction following G
(⇡)
x =

�Gx(2r�1)��Gx(2r) to fully expose the staggered com-

ponent G
(⇡)
x . We then perform a power-law fitting of

G
(⇡)
x to determine its exponent. Similar method can be

applied to Gy as well, just to note that its leading compo-
nent is staggered (instead of uniform), so the fitting func-
tion should be adjusted accordingly. In Fig. 8 (a) and (b),

we show that G(⇡)
x and G

(0)
y are perfectly fitted by power-

law functions. The obtained sub-leading exponents are
listed in Tab. I(c). They are almost identical due to the
emergent O(2)� symmetry. The Luttinger parameter de-
termined from them are also consistent with our previous
results. This completes the consistency check that di↵er-
ent critical exponents are indeed controlled by a single
Luttinger parameter as predicted in Eq. (7).

V. EMERGENT SYMMETRY AND
CONSERVED CURRENT

We have measured the sub-leading exponents of Gx

and Gy. What about the sub-leading exponent of Gz? It
turns out that the stagger component (z-AFM) is sub-
leading in Gz, which corresponds to the Noether current
associated to the emergent O(2) ⇥ O(2) symmetry. If
the continuous symmetry indeed emerges at low-energy,
the conservation law will require the scaling dimension
of z-AFM fluctuation to be pinned at � = 1 (in 1D the
charge density must scale inversely with the length in
order for the total charge to be conserved), such that
the sub-leading exponent of Gz must take ⌘ = 2� = 2
exactly. By measuring this exponent, we can numerically
determine to which degree the emergent symmetry holds.

To be more systematic, we can study all components
of the conserved currents, as defined in Eq. (5), which are
dictated by the emergent O(2)� ⇥ O(2)✓ symmetry. We
first look at the current J�

x (J✓
⌧ ), which can be probed by

the correlation function G�(r), according to Eq. (6). The
correlation function should decay in power-law with an
exact exponent 2. This is in perfectly agreement with the
data presented in Fig. 9(a) and (b), where G�(r) deter-
mined from di↵erentD MPSs precisely collapse onto each
other with an exponent 2.00(5). Then we turn to the con-
served current J�

⌧ (J
�
x ), which corresponds to the stagger

component of Gz. To extract the stagger component,
we first demonstrate the Fourier transform of Gz(r) in
Fig. 9(c). We observe that besides the main peak around
momentum 0 (or 2⇡), there is also a small peak represent-
ing the sub-leading component at momentum ⇡. Using
the same method of measuring the sub-leading scaling in

the correlation function in Sec. IV, we can extract G
(⇡)
z

and perform the power-law fitting in Fig. 9(d). The opti-
mal fitting parameter gives an exponent 2.02(6). As sum-
marized in Tab. I(d), both the exponents of xy-VBS and
z-AFM are very close the exact exponent 2, indicating
the conservation of the emergent currents for both O(2)
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(c) (d)
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FIG. 9. The correlation function of the conserved currents.
(a) and (b) The correlation function of the emergent con-
served current J�

x or J✓

⌧ before and after rescaling with corre-
lation length ⇠. (c) The Fourier components of the correlation
function Gz(r). (d) The log-log plot of the sub-leading com-

ponent G(⇡)
z .

symmetries. Our results strongly support the emergent
O(2)� ⇥ O(2)✓ symmetry predicted by the anisotropic
O(4) NLSM field theory and also shows the exponents
evaluated in the finite length scaling are reliable.

VI. SUMMARY

In this work, we develop an anisotropic O(4) NLSM
field theory for a 1D incarnation of deconfined quantum
critical point between two Z2 breaking phases (which
may be called an Ising-DQCP). The theory provides the
scaling laws of various correlation functions at the Ising-
DQCP and they are all governed by a single Luttinger
parameter. Moreover, we confirm the emergent continu-
ous symmetries O(2)� ⇥ O(2)✓ by measuring the associ-
ated conserved currents. The emergent conserved current
fluctuation can be considered as a hallmark of the DQCP,
which is not expected for a conventional Ising transition.
We systematically employed variational MPS method

to study the proposed properties of this Ising-DQCP. The
phase transition and the critical point is determined from
the singular behavior of the ground state energy, order
parameter and correlation length. By means of finite
length scaling we obtain the critical exponents indepen-
dently. The exponents such obtained are consistent with
each other and the Luttinger liquid theory. Furthermore
we confirm the emergent symmetry using the conserved
current and find the scaling dimension for the conserved
current is consistent with the NLSM field theory. At the
numerical level, this work can be viewed as the first test
of the finite length scaling in the MPS representation
upon a non-trivial DQCP with unknown exponents, in

hSz
i S

z
i+ri ⇠

1

r0.68(3)
+

(�1)r

r2.02(6)

h�i�i+ri ⇠
(�1)r

r2.00(5)
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Potential Realization of DQCP in SrCu2(BO3)2

• Layered quantum magnet

• Cu site carries spin-1/2

• Heisenberg by superexchange  
→ Shastry-Sutherland model  
 
 

Cu B O

1

Kageyama et.al.
PRL 82, 3168 (1999)

J1

J2

J1

J2

H = J1

X

ij2n.n.

Si · Sj + J2

X

ij2dimer

Si · Sj
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Potential Realization of DQCP in SrCu2(BO3)2

• Layered quantum magnet

• Cu site carries spin-1/2

• Heisenberg by superexchange  
→ Shastry-Sutherland model  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H = J1
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X

ij2dimer

Si · Sj

<latexit sha1_base64="qdxKlFUZ78ex50hKME5/tRWJwFI="></latexit>

J1

J2

dVBS pVBS Néel
0.675 0.77 J1 / J2

1st
order DQCP

1

Lee, You, Sachdev, Vishwanath (arXiv:1904.07266)



Potential Realization of DQCP in SrCu2(BO3)2

• Apply uniaxial strain effectively tunes J1/J2 ratio

Zayed et.al. (2017) Guo et.al. (arXiv:1904.09927)

2

Figure 1. Phases of the SS model and SrCu2(BO3)2. (a) Schematic T = 0 phase diagram of the SS model [10, 17]. (b) Experimental (P, T )
phase diagram of SrCu2(BO3)2 (crystal structure in the inset) revealed by high pressure heat capacity measurements. Examples of C(T )/T
curves are given in (c-f). The green open symbols in (b) mark the location Th of the hump in C/T for different samples (indicted by different
symbols). The purple curve shows Th for the 20-spin SS model with P -linear couplings close to those of Ref. [11]; J 0(P ) = [75�8.3P/GPa]
K and J(P ) = [46.7 � 3.7P/GPa] K. For P ⇡ 1.7 � 2.4 GPa a second peak at lower T appears, exemplified in (d), which indicates the
transition into the PS phase. Upon further compression, the system first enter a regime where the experimental setups (Methods) cannot reach
sufficiently low T to observe the second peak. The peak is again detectable around 3 GPa and becomes more prominent while moving to higher
T with increasing P . This behavior, shown in (e,f), suggests [26] a quasi-2D AF system ordering at T > 0 due to weak inter-layer couplings.
The phase boundaries extracted from the second peak are indicated by half-filled red squares and diamonds (PS phase) and blue filled squares
and half-filled circles (AF phase). The low-T data in (c,d) are fitted (black curves) to the form C/T = a0 + a1T

2 + (a2/T
3)e��/T [25],

giving gaps � displayed in Fig. 2(a). In (e,f) fits are shown (red curves) without gap term; C/T = a0 + a1T
2.

We identify two main low-T features in C(T )/T : at all
pressures investigated, we observe a broad maximum that we
will refer to as the hump. Starting at P ⇡ 1.7 GPa, a smaller
peak emerges at lower T and prevails up to 2.4 GPa. We will
argue that this peak signals the PS phase transition. Upon
further increasing P , the small peak is no longer detected at

temperatures accesible in the experiment. A different, broader
hump appears between 3 and 4 GPa, below which there is a
peak at T ⇡ 2 � 3.5 K that we interpret as an AF transition.
AF order was previously detected only at P > 4 GPa at T as
high as ⇡ 120 K [11]. This high-T AF phase is not connected
to the new low-T AF phase—see Supplemental Information.

The C/T hump is known from previous studies at ambi-
ent pressure [25], where it is the result of the spins forming
the correlations that eventually lead to the dimer singlets as
T ! 0. As shown in Fig. 1(b), the hump temperature Th(P )
exhibits a minimum at P ⇡ 2.1 GPa. We have computed
C(T ) of the SS model by exact diagonalization (ED) of the
Hamiltonian on a 20-site lattice (Methods and Supplemental
Information) and extracted Th(↵). As shown in Fig. 1(b), we
achieve a remarkably good match with the experiments when
converting ↵ to P by using P -linear J(P ) and J 0(P ) [11].

In the 2D Heisenberg model the hump appears at T ⇡ J/2
[26] where significant short-range AF correlations start to
build up. In general, the hump indicates a temperature scale
where correlations set in that remove significant entropy from
the system. The Th(P ) minimum can be regarded as the point
of highest frustration, with the energy scale being lowered
due to the competing effects of the two couplings (see also
Refs. [27, 28]). The peak that we associate with PS ordering
appears in this pressure region, suggesting singlet formation
driven by strong frustration.

DQCP? with  
emergent O(4)  

symmetry



Spectral Signature of O(4) Currents
• Emergent O(4) currents should appear in the spin excitation 

spectrum with spectral weight ~ ω 
 
 
 
 
 
 
 

• The momentum point X is an extinction  
point of diffraction from Cu sites (protected  
by the glide reflection symmetry) 
→ No elastic scattering at low-energy
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Summary
• Noether theorem: emergent continuous symmetry → 

emergent conserved currents, which can be observed in the 
low-energy excitation spectrum

• Apart from spin/boson systems, fermion systems can also 
have “DQCP” (e.g. symmetric mass generation) with 
emergent symmetry. Noether current provides a universal 
probe for these exotic quantum phase transitions.

• QMC + SAC allows us to explore spectral features of DQCP 
in both bosonic and (sign-problem-free) fermionic systems.

• The spectral features are relatively easy to probe by INS, 
RIXS or NMR, and are robust in a range of temperature, 
which may guide the search for DQCP in real materials.
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