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Quantum State Tomography
• Quantum state tomography: using repeated measurements 

to extract information about a quantum system. 

• Classical shadow tomography: a general-purpose 
tomography scheme with superior sample efficiency  
 
 
 
 
 

• Key idea: use randomized measurement to sample 
classical shadows , without reconstructing  explicitly.
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Single-Qubit Toy Example
• The density matrix of a single qubit takes the general form: 
 
 

• Pauli observables: 
 
 

• Coefficients:  and  

• Pauli basis tomography: measure each (non-trivial) Pauli 
observable
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Single-Qubit Toy Example
• What happens in the measurement?  
 
 
 

•  - post-measurement state - classical snapshot.

• The probability of observing  given  
 

• The idea of classical shadow tomography: infer an 
unknown state  by importance sampling of its classical 
snapshots  on the quantum device via randomized 
measurements.
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Single-Qubit Toy Example

• Propose to measure  with equal (1/3) probability 
 
 
 
 
 
 
 
 
 
 
 
Undo the depolarization by:
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Randomized Measurement
• Randomized measurement protocol

• Prepare  

• Pick , perform 

• Measure a subset of qubits in the  
computational (Z) basis  
 
 
 
with measurement outcome  

• Record the measurement event , then repeat

• Goal: predict properties of  from  
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Randomized Measurement

• Each randomized measurement event  is characterized 
by a classical shadow state , such that 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Randomized Measurement

• Each randomized measurement event  is characterized 
by a classical shadow state , such that 
 

• Posterior : the probability of observing the event  
given the initial state .

• Prior : … as if there is no knowledge about , i.e. 
 

•  is also a quantum state (sampled by the randomized 
measurement), i.e.   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Measurement Channel

• Measurement channel: measure  prepare   
 

•  is invertible, if the scheme is tomographically complete

• Reconstruction map: reconstruct  from   
 

•  is not a physical quantum process, and can only be 
implemented by classical computing.

• It specifies how to post-process the classical data to make 
predictions, e.g.
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Operator Shadow Norm

• Sample complexity: the number  of samples needed to 
control the estimation error within the level of , 
 

• The scaling  follows the large number theorem

• The coefficient is set by the operator shadow norm  
 
 
 
 
which depends on

• The observable  of interest

• The randomized measurement channel 
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Pauli and Clifford Measurements

• Everything boils down to computing .

• Know results (by 2020)

• Randomized Pauli measurement 
 
 
 

• Randomized Clifford measurement 
 
 
 

• What about other more general randomized unitary 
ensemble (beyond Haar measure of unitary groups)?
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Reconstruction Map
• By definition,  can be expressed as a measure-and-

prepare channel

• As an operator-to-operator linear map, there are  
matrix elements to compute

• Even if  can be calculated, finding  is challenging.

• Progress was made by considering locally-scrambled 
quantum dynamics.
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Locally-Scrambled Shadow Tomography
• Assumption: the prior distribution of classical shadows is 

local basis independent — the random unitary is locally 
scrambled (Pauli twirled, weakly gauged). 
 
 
 

•  must be diagonal in Pauli basis (i.e. ) 
 

• Eigenvalues are Pauli weights ( ) of prior shadows
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Locally-Scrambled Shadow Tomography
• A mild assumption: the prior distribution of classical shadows 

is local basis independent — the random unitary is locally 
scrambled (twirled). 
 
 
 

• Inverting a diagonal matrix is straightforward

• The reconstruction map is given by

1

⇢ ! � := E
�̂⇠p(�̂|⇢)

�̂ = (Tr1) E
�̂⇠p(�̂)

�̂Tr(�̂⇢) = M[⇢]

(1)

⇢ = M�1[�] = E
�̂⇠p(�̂|⇢)

M�1[�̂] (2)

hOi⇢ = TrO⇢ = E
�̂⇠p(�̂|⇢)

Tr(OM�1[�̂]) (3)

N ⇠ 1

✏2
kOk2E�

(4)

✏ ⇠ 1/
p
N (5)

kOk2E�
:= E

�̂⇠p(�̂)

�
Tr(OM�1[�̂])

�2

=
Tr(OM�1[O])

Tr1

(6)

8V =
O

i

Vi with Vi 2 U(2) :

p(�̂) = p(V †
�̂V )

(7)

<latexit sha1_base64="04Czu9XBAGV4WtX9WgDFzNU4sys="></latexit>

M�1[O] =
X

P2P

TrOP

wE� (P ) Tr1
P

K. Bu, D. Enshan Koh, R. J. Gracia, A. Jaffe. arXiv: 2202.03272

H.-Y. Hu, S. Choi, Y.-Z.You. 
arXiv:2107.04817

<latexit sha1_base64="cL61pdtYIwyax+exJkipsz1cpLY="></latexit>

M→1[P ] =
1

wEω(P )
P



Locally-Scrambled Quantum Dynamics
• Classical shadows are constructed  

from backward quantum dynamics

• Physical dynamics   

• Ensemble dynamics 
 

• Pauli weight dynamics 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ρ

L

Locally-Scrambled Tomography Schemes
• Hamiltonian-driven shadow tomography 
 
 
 
 
 

• Shallow shadow tomography

ρ e-ⅈH t

(H ∈ GUE)

t

Hamiltonian  can be: 
GUE, GOE, GSE … 
SYK, ETH, Quantum simulators …
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Finite-depth local random unitary 
Gate: Haar, Clifford … 
Friendly to NISQ devices
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Locally-Scrambled Tomography Schemes
• Hybrid shadow tomography 
 
 
 
 
 

• Holographic shadow tomography

Ψ〉

Ψ〉

Intermediate measurements with a 
measurement rate   
— Optimal sample efficiency 
achieved at the measurement-
induced phase transition.
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Local measurements in the 
holographic bulk map to scale-free 
measurements on the holographic 
boundary. 

A.Akhtar, H.-Y. Hu, YZY. arXiv:2308.01653
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Locally Scrambled Shadow Tomography
• Work flow  
 
 
 
 
 

• Snapshot constructor  (efficient for Clifford)

• Pauli weight solver: efficient with MPS/TN implementation

• Prediction algorithm: for  
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A. Akhtar, H.-Y. Hu, YZY. arXiv:2209.02093
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Scalable Tomography on Clifford Circuits
• Test states: 
 
 

• Randomized measurement scheme: 
 
 
 
 
 

• Brick-wall arrangement of 2-qubit random Clifford gates

• Width (number of qubits): 

• Depth (number of layers): 
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Fidelity Estimation
• Task 1: Estimate the fidelity (state overlap) between the 

reconstructed state and the original state
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• Scalability (22 qubits)

• Reconstruction is 
unbiased for all 
circuit depth

• Variance is reduced 
for deeper circuits —
quantum information 
scrambling helps!
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Pauli Operator Estimation
• Task 2: Estimate the expectation value of a Pauli string 

operator
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• Estimations are 
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to the ground truth)

• Variance (shadow 
norm) increases with 
the weight (size) of 
the Pauli string

• Note: For Pauli 
measurements 
( )
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Pauli Operator Estimation
• Task 2: Estimate the expectation value of a Pauli string 

operator   
 
 
 
 
 
 
 
 
 

• Given the size  of the Pauli string, there is an optimal circuit 
depth  minimizing the shadow norm (sample complexity)
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Pauli Operator Estimation
• Considering continuous time limit, operator dynamics 

 (with ) 
 
 
 
 
 
 
 
 
 

• Shadow norm ~ 
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topological phases [29, 30] and check operators of a quan-
tum code [31]). The optimal depth t

?(k) for a Pauli
operator acting on k contiguous sites was observed nu-
merically to scale as polylog(k) in one dimension [26],
with a significant gain in sample complexity over the lo-
cal twlirling protocol. The physical mechanism behind
this behavior has remained elusive thus far.

Here we analyze this problem analytically and find a
mapping of the shadow norm to the dynamics of Ham-
ming weight (the number of sites on which a Pauli opera-
tor acts nontrivially, henceforth just ‘weight’) under the
twirling evolution. This mapping reveals that the opti-
mal depth for the estimation of contiguous Pauli opera-
tors is determined by the competition of two processes
under chaotic unitary dynamics, sketched in Fig. 1(b):
operator spreading [32–37] and operator relaxation, to
be defined below. Based on this picture, we prove
that at depth t

?(k) ⇠ log(k), shallow shadows realize
an exponential-in-k gain in sample complexity over lo-
cal twirling in any finite spatial dimension. We further
develop an analytical mean-field approximation for the
shadow norm in one dimension, indicating that at depth
t
?(k) the sample complexity nearly saturates a lower
bound (⇠ 2k, up to poly(k) corrections), as sketched in
Fig. 1(c); the prediction shows excellent agreement with
numerics on large Pauli operators (up to k = 1000) in
infinite 1D systems.

Our results shed light on the inner workings of the
classical shadows protocol and how it relates to fun-
damental aspects of quantum dynamics. At the same
time, they give a practical, operational meaning to ideas
about operator dynamics, and promise applications to-
wards highly optimized classical shadows protocols for
near-term quantum devices.

Shadow norm and operator weight. We begin by deriv-
ing a relationship between the shadow norm and operator
dynamics valid if the twirling ensemble is locally scram-
bled [38, 39], i.e., such that measure dU over the ensemble
is invariant under U 7! V U and U 7! UV for all prod-
uct Cli↵ord unitaries [40] V =

N
i
vi, vi 2 Cli↵(q) (this

holds for local and global twirling, as well as for shallow
shadows [26–28]).

We will consider a system of q-state qudits arranged on
a d-dimensional lattice consisting of N qudits. For qudits
with q > 2, we use “generalized Pauli operators” defined
by products of clock and shift unitary operators [41]. The
measurement channel reads

M(⇢) =
X

b

Z
dU

Prob(b|⇢,U)

z }| {
hb|U⇢U

† |bi

snapshot �̂U,bz }| {
U

† |bihb|U , (1)

where b ranges over all D = q
N computational basis

states.
All Pauli operators are eigenmodes of the channel [20,

26, 27], and the eigenvalue depends solely on the twirling
ensemble and on the support A of the Pauli operator:
M[OA] = �AOA, where OA denotes a Pauli operator

FIG. 1. (a) Schematic of classical shadows via shallow
circuits: a state ⇢ is randomized by a “twirling” circuit U

of depth t, then measured; data is classically processed to
estimate Pauli expectation values. (b) Operator spreading
and relaxation under chaotic dynamics. #/ denote identity
and traceless Pauli matrices, respectively. (c) Summary of
main results of this work. The competition between opera-
tor spreading and relaxation determines the optimal sample
complexity of learning Pauli expectation values.

supported in region A. The eigenvalues can be expressed
as [42]

�A =
NX

w=1

⇡A,t(w)(q + 1)�w
, (2)

where ⇡A,t(w) is the averaged weight distribution [43] of
the twirled operator OA(t) ⌘ UOAU

†:

⇡A,t(w) =
X

P : |P |=w

EU

��D�1Tr(POA(t))
��2 . (3)

The sum runs over Pauli operators P , and |P | is the
weight of P .
With this result, we can exactly compute the shadow

norm: kOAk2sh = Tr(O†
A
M�1[OA])/D = �

�1

A
[26, 27, 42].

Combined with Eq. (2), this yields an exact relationship
between the shadow norm and the weight distribution of
a twirled operator,

kOAk2sh =
h
(q + 1)�w

i�1

(4)

where the overline denotes averaging over w according to
⇡A,t(w). Eq. (4) constitutes one of the main results of
our work.
Eq. (4) reproduces the well-known results for local and

global twirling of qubits (3k and 2N respectively [11]) in
the t = 0 and t ! 1 limits [42]. However, our result al-
lows us to understand the behavior of the shadow norm
away from these well-know limits, by leveraging the con-
nection to the dynamics of operator weight under chaotic
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Pauli Operator Estimation
• Considering continuous time limit, operator dynamics 

 (with ) 
 
 
 
 
 
 
 
 
 

• At optimal circuit depth  shadow norm scales with  with a 
smaller base  
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topological phases [29, 30] and check operators of a quan-
tum code [31]). The optimal depth t

?(k) for a Pauli
operator acting on k contiguous sites was observed nu-
merically to scale as polylog(k) in one dimension [26],
with a significant gain in sample complexity over the lo-
cal twlirling protocol. The physical mechanism behind
this behavior has remained elusive thus far.

Here we analyze this problem analytically and find a
mapping of the shadow norm to the dynamics of Ham-
ming weight (the number of sites on which a Pauli opera-
tor acts nontrivially, henceforth just ‘weight’) under the
twirling evolution. This mapping reveals that the opti-
mal depth for the estimation of contiguous Pauli opera-
tors is determined by the competition of two processes
under chaotic unitary dynamics, sketched in Fig. 1(b):
operator spreading [32–37] and operator relaxation, to
be defined below. Based on this picture, we prove
that at depth t

?(k) ⇠ log(k), shallow shadows realize
an exponential-in-k gain in sample complexity over lo-
cal twirling in any finite spatial dimension. We further
develop an analytical mean-field approximation for the
shadow norm in one dimension, indicating that at depth
t
?(k) the sample complexity nearly saturates a lower
bound (⇠ 2k, up to poly(k) corrections), as sketched in
Fig. 1(c); the prediction shows excellent agreement with
numerics on large Pauli operators (up to k = 1000) in
infinite 1D systems.

Our results shed light on the inner workings of the
classical shadows protocol and how it relates to fun-
damental aspects of quantum dynamics. At the same
time, they give a practical, operational meaning to ideas
about operator dynamics, and promise applications to-
wards highly optimized classical shadows protocols for
near-term quantum devices.

Shadow norm and operator weight. We begin by deriv-
ing a relationship between the shadow norm and operator
dynamics valid if the twirling ensemble is locally scram-
bled [38, 39], i.e., such that measure dU over the ensemble
is invariant under U 7! V U and U 7! UV for all prod-
uct Cli↵ord unitaries [40] V =

N
i
vi, vi 2 Cli↵(q) (this

holds for local and global twirling, as well as for shallow
shadows [26–28]).

We will consider a system of q-state qudits arranged on
a d-dimensional lattice consisting of N qudits. For qudits
with q > 2, we use “generalized Pauli operators” defined
by products of clock and shift unitary operators [41]. The
measurement channel reads

M(⇢) =
X

b

Z
dU

Prob(b|⇢,U)

z }| {
hb|U⇢U

† |bi

snapshot �̂U,bz }| {
U

† |bihb|U , (1)

where b ranges over all D = q
N computational basis

states.
All Pauli operators are eigenmodes of the channel [20,

26, 27], and the eigenvalue depends solely on the twirling
ensemble and on the support A of the Pauli operator:
M[OA] = �AOA, where OA denotes a Pauli operator

FIG. 1. (a) Schematic of classical shadows via shallow
circuits: a state ⇢ is randomized by a “twirling” circuit U

of depth t, then measured; data is classically processed to
estimate Pauli expectation values. (b) Operator spreading
and relaxation under chaotic dynamics. #/ denote identity
and traceless Pauli matrices, respectively. (c) Summary of
main results of this work. The competition between opera-
tor spreading and relaxation determines the optimal sample
complexity of learning Pauli expectation values.

supported in region A. The eigenvalues can be expressed
as [42]

�A =
NX

w=1

⇡A,t(w)(q + 1)�w
, (2)

where ⇡A,t(w) is the averaged weight distribution [43] of
the twirled operator OA(t) ⌘ UOAU

†:

⇡A,t(w) =
X

P : |P |=w

EU

��D�1Tr(POA(t))
��2 . (3)

The sum runs over Pauli operators P , and |P | is the
weight of P .
With this result, we can exactly compute the shadow

norm: kOAk2sh = Tr(O†
A
M�1[OA])/D = �

�1

A
[26, 27, 42].

Combined with Eq. (2), this yields an exact relationship
between the shadow norm and the weight distribution of
a twirled operator,

kOAk2sh =
h
(q + 1)�w

i�1

(4)

where the overline denotes averaging over w according to
⇡A,t(w). Eq. (4) constitutes one of the main results of
our work.
Eq. (4) reproduces the well-known results for local and

global twirling of qubits (3k and 2N respectively [11]) in
the t = 0 and t ! 1 limits [42]. However, our result al-
lows us to understand the behavior of the shadow norm
away from these well-know limits, by leveraging the con-
nection to the dynamics of operator weight under chaotic

1
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�̂Tr(�̂⇢) = M[⇢]

(1)

⇢ = M�1[�] = E
�̂⇠p(�̂|⇢)

M�1[�̂] (2)

hOi⇢ = TrO⇢ = E
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Tr(OM�1[�̂]) (3)

M (4)
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✏2
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p
M (6)
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�
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p(�̂) = p(V †
�̂V )

(8)

P 2 P (9)
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Hybrid Shadow Tomography
• Shallow shadow tomography has an advantage in sample 

complexity scaling, but only achievable if the circuit depth is 
adjusted with the size of the observable.

• Can we perform the measurement on one circuit and make 
predictions for observables of all sizes optimally?  
— Hybrid shadow tomography
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Hybrid Shadow Tomography
• Post-processing scheme
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Hybrid Shadow Tomography
• Shadow norm scaling
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Holographic Shadow Tomography
• However, hybrid shadow tomography requires fine-tuning 

the measurement-induced criticality.

• Holographic shadow tomography is automatically critical.

ρ

H.-Y. Hu, S. Choi, YZY. arXiv:2107.04817  
X. Feng, S. Zhang, M. Ippoliti, YZY.  arXiv:2406.11788



Holographic Shadow Tomography
• For binary tree measurement circuit, there is a recursive 

approach to compute Pauli weights, from which we bound

• For holographic code circuit, 
in the large-  limit

• If push to , 
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Contractive Unitary Shadow Tomography
• The rule of the game is to use the unitary circuit to contract 

the observable size on the measurement side to reduce 
sample complexity
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Contractive Unitary Shadow Tomography
• Random unitary circuit are thermalizing (equilibrium), can we 

go out-of-equilibrium?
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Contractive Unitary Shadow Tomography
• Random unitary circuit are thermalizing (equilibrium), can we 

go out-of-equilibrium?
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Quantum Error Mitigation
• Classical shadow tomography has many amazing 

applications, one example is to implement code subspace 
projection in quantum error mitigation (QEM) 
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Quantum Error Mitigation
• Classical shadow tomography has many amazing 

applications, one example is to implement code subspace 
projection in quantum error mitigation (QEM) 
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Quantum Error Mitigation
• Assume each physical bit is subject to depolarization error

• QEM can reduce the infidelity when the error rate is small 

• Logical shadow tomography (LST) demonstrates superior 
sample efficiency (small variance)

H.-Y. Hu, R. LaRose, Y.-Z. You, E. Rieffel, Z. Wang. arXiv:2203.07263 (2022)



Experimental Realization

Summary & Acknowledgement

✓We proposed Robust Shallow Shadow designed for noisy devices, 
leveraging Bayesian learning to correct realistic noise.


✓Validate our framework experimentally on an 18-qubit superconducting 
processor. And achieve significantly improved sample complexity compared 
to random Pauli measurements.


✓Theoretical understanding of variance-bias tradeoff.

Thank You!



Noise-Resilient Shallow Shadow
• Challenge: real quantum devices are noisy

• Solution: As long as each unitary gate is locally scrambled 
(twirled)  is still diagonal and   is 
still a Markov process

ℳΛ[P] = ωΛ(P)P ωΛ(P)
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FIG. 1. A schematic overview of the robust shallow shadow protocol. In (a), we show an example of our randomized measure-
ment scheme for a shallow circuit with d = 1, which is a brickwork circuit comprised of twirled two-qubit gates. As shown in (b),
these twirled gates are CNOT gates sandwiched by single-qubit random Cli↵ords. Our noise model is the sparse Pauli-Lindlad
model [61], which captures realistic noise e↵ects such as qubit cross-talk. Upon twirling via single-qubit random Cli↵ord gates,
the e↵ective noise channel simplifies from a full Pauli-Lindblad map (which has 9 two-body terms on each edge and 3 one-body
terms for each node) to the one illustrated in (c), which has only one parameters for each edge and one parameter for each node.
The left half of (a) shows the dataset collection process for both calibration and application states, and the right half shows our
data postprocessing method. We use a Bayesian inference algorithm to estimate the noise parameters � of the quantum device,
and use this to error mitigate our estimates of many di↵erent observables, ranging from fidelity to entanglement entropy.

extends beyond linear observables: since ⇢ = E[M�1[�̂]] it follows that ⇢̃(2)
⌘

1
K(K�1)

P
i 6=j

M
�1[�̂i] ⌦ M

�1[�̂j ]

is an unbiased estimator for ⇢⌦2. Remarkably, this means that the dataset D, constructed using only single-copy
measurements of ⇢, can be used to learn nonlinear properties of ⇢: for instance, the purity can be estimated using
the observable O = SWAP and evaluating Tr

�
O⇢̃(2)

�
. However, the most useful property of classical shadows is that

the sample complexity of achieving this multitasking has been shown [1] to be O(logL · maxi kOiksh), which scales
logarithmically in L instead of linearly. We note here that an important detail of this scaling is the shadow norm
kOiksh of the operator Oi, which depends again on the details of the unitary ensemble.

The shadow map M and its inverse can be e�ciently calculated for a large family of unitary ensembles called
locally-scrambled unitary ensembles, where the unitary ensemble satisfies the local-basis invariance condition (see
Appendix A). Locally-scrambled unitary ensembles are easily realized experimentally: for example, as shown in
Fig. 1(b), any two-qubit gate sandwiched by random single-qubit Cli↵ord gates satisfies the local-basis invariance
condition. This procedure is also called single-qubit twirling [67–69]. In the following, we will call these sandwiched
two-qubit gates twirled gates for short. If the randomized quantum circuit composed of twirled gates, as shown
in Fig. 1(a), then M is diagonal in the Pauli basis, which is to say that M[P ] = !(P )P for any Pauli P , where
!(P ) ⌘ EU⇠E [ h0|UPU †

|0i
2] is called the Pauli weight [13]. This implies that

E[�̂] = M[⇢] =
1

2N

X

P2PN

!(P ) Tr(⇢P )P ; (1a)

⇢ = M
�1[E[�̂]] = 2N

X

P2PN

!�1(P ) Tr(E[�̂]P )P (1b)

where PN is the N -qubit Pauli group. We note that the locally basis invariance of the unitary ensemble E e↵ectively
erases any information about the local basis for P . This means that !(P ) does not depend on the exact characters
in the Pauli string P : if the position of all non-identity operators is the same for two Pauli operators, they share the
same value of Pauli weights. As we show later, this fact makes it natural to use a ‘particle-hole’ basis for locally-
scrambled unitary ensembles. This also shows that despite the fact that there are 4N di↵erent Pauli operators, there
are only 2N distinct Pauli weights. Although there are still exponentially many Pauli weights, in the next section,
we will show they can all be e�ciently represented (i.e., using polynomial classical resources) with a simple tensor
network representation.

ℳΛ[ρ] = ∑
b

𝔼
U∼p(U)

⟨b |𝒞U,Λ[ρ] |b⟩(U† |b⟩⟨b |U)
Noisy measure Ideal prepare

Hu, Gu, Majumder et.al. 2402.17911



Noise-Resilient Shallow Shadow
• Challenge: what is the noise model?

• Solution: randomized benchmarking

• Observable expectation values should be predicted by 
 
 
 

• Suppose Pauli weight is unknown — 
Infer Pauli weights from a known state (e.g. )ρ = |0⟩⟨0 |
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FIG. 1. A schematic overview of the robust shallow shadow protocol. In (a), we show an example of our randomized measure-
ment scheme for a shallow circuit with d = 1, which is a brickwork circuit comprised of twirled two-qubit gates. As shown in (b),
these twirled gates are CNOT gates sandwiched by single-qubit random Cli↵ords. Our noise model is the sparse Pauli-Lindlad
model [61], which captures realistic noise e↵ects such as qubit cross-talk. Upon twirling via single-qubit random Cli↵ord gates,
the e↵ective noise channel simplifies from a full Pauli-Lindblad map (which has 9 two-body terms on each edge and 3 one-body
terms for each node) to the one illustrated in (c), which has only one parameters for each edge and one parameter for each node.
The left half of (a) shows the dataset collection process for both calibration and application states, and the right half shows our
data postprocessing method. We use a Bayesian inference algorithm to estimate the noise parameters � of the quantum device,
and use this to error mitigate our estimates of many di↵erent observables, ranging from fidelity to entanglement entropy.
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measurements of ⇢, can be used to learn nonlinear properties of ⇢: for instance, the purity can be estimated using
the observable O = SWAP and evaluating Tr
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logarithmically in L instead of linearly. We note here that an important detail of this scaling is the shadow norm
kOiksh of the operator Oi, which depends again on the details of the unitary ensemble.

The shadow map M and its inverse can be e�ciently calculated for a large family of unitary ensembles called
locally-scrambled unitary ensembles, where the unitary ensemble satisfies the local-basis invariance condition (see
Appendix A). Locally-scrambled unitary ensembles are easily realized experimentally: for example, as shown in
Fig. 1(b), any two-qubit gate sandwiched by random single-qubit Cli↵ord gates satisfies the local-basis invariance
condition. This procedure is also called single-qubit twirling [67–69]. In the following, we will call these sandwiched
two-qubit gates twirled gates for short. If the randomized quantum circuit composed of twirled gates, as shown
in Fig. 1(a), then M is diagonal in the Pauli basis, which is to say that M[P ] = !(P )P for any Pauli P , where
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where PN is the N -qubit Pauli group. We note that the locally basis invariance of the unitary ensemble E e↵ectively
erases any information about the local basis for P . This means that !(P ) does not depend on the exact characters
in the Pauli string P : if the position of all non-identity operators is the same for two Pauli operators, they share the
same value of Pauli weights. As we show later, this fact makes it natural to use a ‘particle-hole’ basis for locally-
scrambled unitary ensembles. This also shows that despite the fact that there are 4N di↵erent Pauli operators, there
are only 2N distinct Pauli weights. Although there are still exponentially many Pauli weights, in the next section,
we will show they can all be e�ciently represented (i.e., using polynomial classical resources) with a simple tensor
network representation.

where 

𝒞U,Λ[ρ] = eℒ[UρU†]
ℒ[ρ] = ∑

k

λk(PkρPk − ρ)

λk

van den Berg, Minev, 
Kandala, Temme (2022)

Hu, Gu, Majumder et.al. 2402.17911
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Noise-Resilient Shallow Shadow
• Challenge: what is the noise model?

• Solution: randomized benchmarking

• Measure Pauli weights on a known state (e.g. )

• Calculate Pauli weights  assuming  parameters

• Determine  parameters by 

ρ = |0⟩⟨0 |

ωΛ(P) λk
λk min∥ωΛ − ωdata∥2
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FIG. 1. A schematic overview of the robust shallow shadow protocol. In (a), we show an example of our randomized measure-
ment scheme for a shallow circuit with d = 1, which is a brickwork circuit comprised of twirled two-qubit gates. As shown in (b),
these twirled gates are CNOT gates sandwiched by single-qubit random Cli↵ords. Our noise model is the sparse Pauli-Lindlad
model [61], which captures realistic noise e↵ects such as qubit cross-talk. Upon twirling via single-qubit random Cli↵ord gates,
the e↵ective noise channel simplifies from a full Pauli-Lindblad map (which has 9 two-body terms on each edge and 3 one-body
terms for each node) to the one illustrated in (c), which has only one parameters for each edge and one parameter for each node.
The left half of (a) shows the dataset collection process for both calibration and application states, and the right half shows our
data postprocessing method. We use a Bayesian inference algorithm to estimate the noise parameters � of the quantum device,
and use this to error mitigate our estimates of many di↵erent observables, ranging from fidelity to entanglement entropy.
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where PN is the N -qubit Pauli group. We note that the locally basis invariance of the unitary ensemble E e↵ectively
erases any information about the local basis for P . This means that !(P ) does not depend on the exact characters
in the Pauli string P : if the position of all non-identity operators is the same for two Pauli operators, they share the
same value of Pauli weights. As we show later, this fact makes it natural to use a ‘particle-hole’ basis for locally-
scrambled unitary ensembles. This also shows that despite the fact that there are 4N di↵erent Pauli operators, there
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Variance-Bias Tradeoff

• Assuming single-qubit depolarization noise of strength , λ

log3 ∥P∥2
sh ≤ (k + d)( 3

4
+

(4/5)2d

d3/2
+

dλ
log 3 )

4

So far, we have assumed that the state ⇢ can be evolved by U perfectly. However, real quantum circuits have noise,
in which case the actual evolution will di↵er from the ideal unitary U . The actual evolution can be described by
a channel CU,�[⇢], where the subscript U denotes channel’s dependence on U and � parameterizes the noise in the
evolution. In the noisy case, the Pauli weights become

!�(P ) = E
U⇠E

h
h0|UPU †

|0i h0|C
†
U,⇤[P ]|0i

i
, (2)

where |0i is shorthand for an n-qubit state of all |0i’s. If this noise is unaccounted for in the postprocessing and
we use the ideal Pauli weights !(P ) to evaluate M

�1, the resulting observable predictions will be biased away from
their true value. On the other hand, if the correct Pauli weights !�(P ) are used in postprocessing, this bias can
be corrected, but at the cost of increased sample complexity. This is an instance of the fundamental bias-variance
trade-o↵ in error mitigation [70]. In the following, we will characterize this increase in sample complexity. To keep
our theoretical analysis simple, we will first model the noise with single-qubit depolarizing noise. Then, in the next
section, we will study a realistic noise model for a superconducting qubit architecture, and show how we mitigate the
e↵ects of this noise using Bayesian inference.
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FIG. 2. Sample complexity in robust shallow shadows (RSS) for Pauli observables with contiguous support of size k. In
(a), we show a conceptual illustration of the three physical phenomena influencing sample complexity in the context of a
classical random walk model: 1) operator spreading with a ‘butterfly velocity’ vB ; 2) particle density relaxation; and 3) noise-
induced decay with rate e��. These phenomena collectively determine the sample complexity required for accurate observable
estimation. In (b), we illustrate the qualitative impact of noise on the sample complexity upper bound, illustrating that
increased noise levels lead to a slight increase in the sample complexity upper bound and a reduction in the optimal circuit
depth. This reduction is approximately linear in the noise strength �, with a proportionality coe�cient ↵. This is an example
of the trade-o↵s involved in designing a noise-robust protocol. In (c), we show the exact optimal sample complexity, computed
numerically, for a variety of noise strengths. Importantly, even under the presence of noise, the sample complexity beats the
⇠ 2.28k upper bound predicted by Ref. [57]. Finally, in (d), we show the scaling of the optimal circuit depth d⇤ as a function
of k. The dashed lines correspond to theoretical predictions based on Theorem 1.

Since the shadow map (1) is diagonal in the Pauli basis, the expectation of any Pauli P is simply

Tr(⇢P ) =
1

!�(P )
E[Tr(�̂P )]. (3)
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FIG. 1. A schematic overview of the robust shallow shadow protocol. In (a), we show an example of our randomized measure-
ment scheme for a shallow circuit with d = 1, which is a brickwork circuit comprised of twirled two-qubit gates. As shown in (b),
these twirled gates are CNOT gates sandwiched by single-qubit random Cli↵ords. Our noise model is the sparse Pauli-Lindlad
model [61], which captures realistic noise e↵ects such as qubit cross-talk. Upon twirling via single-qubit random Cli↵ord gates,
the e↵ective noise channel simplifies from a full Pauli-Lindblad map (which has 9 two-body terms on each edge and 3 one-body
terms for each node) to the one illustrated in (c), which has only one parameters for each edge and one parameter for each node.
The left half of (a) shows the dataset collection process for both calibration and application states, and the right half shows our
data postprocessing method. We use a Bayesian inference algorithm to estimate the noise parameters � of the quantum device,
and use this to error mitigate our estimates of many di↵erent observables, ranging from fidelity to entanglement entropy.

extends beyond linear observables: since ⇢ = E[M�1[�̂]] it follows that ⇢̃(2)
⌘

1
K(K�1)

P
i 6=j

M
�1[�̂i] ⌦ M

�1[�̂j ]

is an unbiased estimator for ⇢⌦2. Remarkably, this means that the dataset D, constructed using only single-copy
measurements of ⇢, can be used to learn nonlinear properties of ⇢: for instance, the purity can be estimated using
the observable O = SWAP and evaluating Tr

�
O⇢̃(2)

�
. However, the most useful property of classical shadows is that

the sample complexity of achieving this multitasking has been shown [1] to be O(logL · maxi kOiksh), which scales
logarithmically in L instead of linearly. We note here that an important detail of this scaling is the shadow norm
kOiksh of the operator Oi, which depends again on the details of the unitary ensemble.

The shadow map M and its inverse can be e�ciently calculated for a large family of unitary ensembles called
locally-scrambled unitary ensembles, where the unitary ensemble satisfies the local-basis invariance condition (see
Appendix A). Locally-scrambled unitary ensembles are easily realized experimentally: for example, as shown in
Fig. 1(b), any two-qubit gate sandwiched by random single-qubit Cli↵ord gates satisfies the local-basis invariance
condition. This procedure is also called single-qubit twirling [67–69]. In the following, we will call these sandwiched
two-qubit gates twirled gates for short. If the randomized quantum circuit composed of twirled gates, as shown
in Fig. 1(a), then M is diagonal in the Pauli basis, which is to say that M[P ] = !(P )P for any Pauli P , where
!(P ) ⌘ EU⇠E [ h0|UPU †

|0i
2] is called the Pauli weight [13]. This implies that

E[�̂] = M[⇢] =
1

2N

X

P2PN

!(P ) Tr(⇢P )P ; (1a)

⇢ = M
�1[E[�̂]] = 2N

X

P2PN

!�1(P ) Tr(E[�̂]P )P (1b)

where PN is the N -qubit Pauli group. We note that the locally basis invariance of the unitary ensemble E e↵ectively
erases any information about the local basis for P . This means that !(P ) does not depend on the exact characters
in the Pauli string P : if the position of all non-identity operators is the same for two Pauli operators, they share the
same value of Pauli weights. As we show later, this fact makes it natural to use a ‘particle-hole’ basis for locally-
scrambled unitary ensembles. This also shows that despite the fact that there are 4N di↵erent Pauli operators, there
are only 2N distinct Pauli weights. Although there are still exponentially many Pauli weights, in the next section,
we will show they can all be e�ciently represented (i.e., using polynomial classical resources) with a simple tensor
network representation.
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measurements of ⇢, can be used to learn nonlinear properties of ⇢: for instance, the purity can be estimated using
the observable O = SWAP and evaluating Tr
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. However, the most useful property of classical shadows is that

the sample complexity of achieving this multitasking has been shown [1] to be O(logL · maxi kOiksh), which scales
logarithmically in L instead of linearly. We note here that an important detail of this scaling is the shadow norm
kOiksh of the operator Oi, which depends again on the details of the unitary ensemble.

The shadow map M and its inverse can be e�ciently calculated for a large family of unitary ensembles called
locally-scrambled unitary ensembles, where the unitary ensemble satisfies the local-basis invariance condition (see
Appendix A). Locally-scrambled unitary ensembles are easily realized experimentally: for example, as shown in
Fig. 1(b), any two-qubit gate sandwiched by random single-qubit Cli↵ord gates satisfies the local-basis invariance
condition. This procedure is also called single-qubit twirling [67–69]. In the following, we will call these sandwiched
two-qubit gates twirled gates for short. If the randomized quantum circuit composed of twirled gates, as shown
in Fig. 1(a), then M is diagonal in the Pauli basis, which is to say that M[P ] = !(P )P for any Pauli P , where
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where PN is the N -qubit Pauli group. We note that the locally basis invariance of the unitary ensemble E e↵ectively
erases any information about the local basis for P . This means that !(P ) does not depend on the exact characters
in the Pauli string P : if the position of all non-identity operators is the same for two Pauli operators, they share the
same value of Pauli weights. As we show later, this fact makes it natural to use a ‘particle-hole’ basis for locally-
scrambled unitary ensembles. This also shows that despite the fact that there are 4N di↵erent Pauli operators, there
are only 2N distinct Pauli weights. Although there are still exponentially many Pauli weights, in the next section,
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FIG. 3. We apply RSS to predict multiple quantities including fidelity, Pauli observables, and subsystem purities. The hatched
bars indicate recovered values without error mitigation, while the solid bars use error mitigation. In the top panel, we infer
the fidelity of the experimentally prepared plus state |+i⌦18 and cluster state |�i with respect to the ideal (i.e., perfectly
prepared) state. For the plus state, predictions agree with fiducial values obtained via direct fidelity estimation, showcasing
the e↵ectiveness of RSS in error mitigation. In contrast, predictions without error mitigation exhibit a decline in fidelity as
circuit depth increases, underscoring the impact of noise. The lower left panel displays the predicted expectation values of
Pauli observables, where RSS predictions maintain consistency and, for the plus state, agree with fiducial values. The lower
right panel shows di↵erent subsystem purity predictions for a cluster state, illustrating how purity values are contingent upon
the number of cuts within a subsystem. For instance, a subsystem in the bulk (formed by two cuts) has theoretical purity 0.25,
whereas a boundary subsystem, with one cut, has a theoretical purity 0.5.

{1, 2, 3, 4}), then the theoretically expected subsystem purity is 1
2 . If a subsystem is created with two cuts (e.g.,

subsystem {8, 9, 10, 11}), we expect the subsystem purity to be 1
4 . In Fig. 3, we observe that indeed the predicted

purity after error mitigation is close to these theoretical values. The small deviations away from theoretical values is
due to imperfect state preparation: as shown in Fig. 3, the experimentally prepared cluster state has fidelity ⇠ 80%.

One of the advantages of applying shallow circuits to classical shadow tomography is the reduction of sample
complexity for both nonlocal and low-rank observables. To evidence this claim, we observe two competing e↵ects.
First, as shown in Theorem 1, increased depth is well-suited for nonlocal observables. It is also well-suited for
low-rank observables such as fidelity, since we converge to the global Cli↵ord ensemble (which is optimal for low-
rank observables) with increased depth. This improved suitability reduces the standard deviation of the inferred
values for these observables at larger depths: this e↵ect is particularly evident for fidelity, as highlighted in Fig. 4.
However, this e↵ect competes against the increasing e↵ects of noise. As can be seen in Fig. 3, when error mitigation
is turned o↵, the recovered fidelity systematically decreases with the depth d – the reason for this is not that the true
fidelity is decreasing, but rather that as more CNOT gates are applied, the e↵ect of noise on the shadow tomography
process begins to accumulate, which consistently decreases the quality of our observable estimates. That is, the noise
introduces a bias to the recovered values, and this bias grows with increasing depth. As discussed in Section II B,
this bias can be corrected using Pauli weights !�1

�
that have been appropriately calibrated. However, this comes at
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First, as shown in Theorem 1, increased depth is well-suited for nonlocal observables. It is also well-suited for
low-rank observables such as fidelity, since we converge to the global Cli↵ord ensemble (which is optimal for low-
rank observables) with increased depth. This improved suitability reduces the standard deviation of the inferred
values for these observables at larger depths: this e↵ect is particularly evident for fidelity, as highlighted in Fig. 4.
However, this e↵ect competes against the increasing e↵ects of noise. As can be seen in Fig. 3, when error mitigation
is turned o↵, the recovered fidelity systematically decreases with the depth d – the reason for this is not that the true
fidelity is decreasing, but rather that as more CNOT gates are applied, the e↵ect of noise on the shadow tomography
process begins to accumulate, which consistently decreases the quality of our observable estimates. That is, the noise
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complexity for both nonlocal and low-rank observables. To evidence this claim, we observe two competing e↵ects.
First, as shown in Theorem 1, increased depth is well-suited for nonlocal observables. It is also well-suited for
low-rank observables such as fidelity, since we converge to the global Cli↵ord ensemble (which is optimal for low-
rank observables) with increased depth. This improved suitability reduces the standard deviation of the inferred
values for these observables at larger depths: this e↵ect is particularly evident for fidelity, as highlighted in Fig. 4.
However, this e↵ect competes against the increasing e↵ects of noise. As can be seen in Fig. 3, when error mitigation
is turned o↵, the recovered fidelity systematically decreases with the depth d – the reason for this is not that the true
fidelity is decreasing, but rather that as more CNOT gates are applied, the e↵ect of noise on the shadow tomography
process begins to accumulate, which consistently decreases the quality of our observable estimates. That is, the noise
introduces a bias to the recovered values, and this bias grows with increasing depth. As discussed in Section II B,
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FIG. 4. Sample complexity advantage of RSS. On the left, we show the decrease in the standard deviation (hence decrease
in sample complexity) of fidelity predictions with increasing circuit depth. On the right, we show standard deviations for
recovering Pauli operators expectations as a function of the Pauli operator weight k. We find excellent agreement between
experimental (solid dots with error bars) and theoretical (solid lines) values. Notably, shallow circuits (d = 1, 2) have favorable
sample complexity scaling for higher-weight Pauli operators, surpassing both the d = 0 scaling (which is 3k), as well as the
theoretical upper bound of 2.28k.

the cost of slightly increased variance, which in turn increases the sample complexity. As with the bias, this increase
in sample complexity also grows with depth d. Using experimental data, we quantitatively study the competition
between these two e↵ects in Fig. 4. Using bootstrap estimates of the standard deviation � of our recovered expectation
values, we can study the e↵ects of increased depth on a variety of observables, including fidelity and a set of Pauli
observables with increasing weight. We observe that for high-weight Pauli observables, the two competing e↵ects find
an optimal tradeo↵ at d = 1. We also note that although upper bounds from Theorem 1 predict a standard deviation
⇠ 2.28k at the optimal depth in an ideal setting (already a significant improvement over � ⇠ 3k, which is the scaling
for d = 0), we find that in practice, we can do much better than this, as evidenced by the d = 1 line compared to
2.28k dashed line. We can of course do much better than this rough fit; our MPS formalism allows us to calculate
an exact prediction for the standard deviation of any Pauli observable. These predictions are shown in solid lines,
demonstrating excellent agreement with the bootstrapped standard deviations. This further evidences the accuracy
of our shadows protocol. Turning to the case of fidelity estimation, we see, unlike Pauli observables, d = 2 is a strict
improvement over d = 1. This is expected, as d = 1 is the optimal setting for fidelity estimation in the noiseless
limit [1]. Regardless, for both Pauli observables and fidelity, using a shallow depth ensemble is always strictly better
than using a d = 0 ensemble, illustrating one of the key advantages of our method.

Finally, we applied RSS to predict the purity of all size 1 and 2 subsystems for the AKLT resource state on 18
qubits. This resource state is a precursor for preparing the AKLT state in constant depth; importantly, this state is
not a stabilizer state [73]. As shown in Fig. 5(b), this state consists of 3 small clusters of AKLT states, which can
eventually be merged into a 6-qubit AKLT state. The small clusters are knit together into a single global AKLT
state by applying Bell measurements on the edge qubits of adjacent small AKLT states, and applying a correction
conditioned on the measurement outcome (this process is known as applying ‘fusion measurements’). However, in this
work, we do not apply these fusion measurements, as this requires measurement feedforward, which is experimentally
di�cult to implement. Instead, we prepare the AKLT resource state on superconducting qubits and characterize its
entanglement structure, prior to fusion measurements, using RSS. In Fig. 5(a), we show theoretical and experimentally
recovered values for every 1- and 2-qubit subsystem purity of the resource state. Comparing the recovered purities
shows excellent agreement with exact theoretical values: as expected, we clearly see three distinct entangled clusters
in the experimental data, representing each of the local AKLT states.

We note that when there is a strong mismatch between the noise model and actual device noise, the Bayesian
calibration procedure could fail and lead to biased prediction. In such cases, directly using Eq. (2) can provide a
model-agnostic way to estimate Pauli weights. In our experiments, however, comparison between error-mitigated
shadow prediction and fiducial values from other direct measurement schemes do not show such deviations within
statistical uncertainties.
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FIG. 5. Prediction of subsystem purity in the AKLT resource state using RSS. In (a), we demonstrate how the RSS method
can use a single dataset to concurrently predict the purity of all subsystems up to two qubits within AKLT resource states.
The values at (i, j) represent the purity of the reduced density matrix Tr

�
⇢2

ij

�
. The AKLT resource state has three clusters,

each representing a smaller AKLT state with two spin-1 particles before fusion measurement; experimental predictions clearly
show this pattern as well, and closely align with theoretical predictions. In (b), we show a schematic of the AKLT resource
state before fusion measurements are applied to prepare the AKLT state.

IV. OUTLOOK

In this work, we executed an unbiased randomized measurement experiment that went beyond random Pauli
measurements for large quantum systems. In these experiments, we showed that our robust shallow shadow protocol
can e�ciently recover unbiased estimates for a wide array of observables on unknown quantum states, even under the
presence of noise. We do this by providing a general noise characterization technique based on Bayesian inference
that can account for realistic noise e↵ects, such as qubit crosstalk and measurement error. Having characterized the
noise on our device, we then introduced an e�cient tensor network-based postprocessing technique that is naturally
able to account for the e↵ects of this noise. We provide evidence that this error mitigation technique is e↵ective
by demonstrating that our protocol gives unbiased predictions of low-rank observables (e.g., fidelity), nonlocal Pauli
observables, and even non-linear observables (e.g., subsystem purity) for a number of application states, including
the cluster state and the AKLT resource state. Not only is our protocol able to recover unbiased estimators of these
observables, we show that the standard deviation of these estimators decreases with increasing depth. That is, we
show how going beyond random Pauli measurements can give rise to improved sample complexities. Furthermore, we
developed a theoretical framework that not only predicted improvements in sample complexity that agreed well with
the empirically observed improvements, but our framework also showed that shallow shadows remain information-
theoretically optimal, even under the presence of noise. Our new theoretical insights, combined with the experimental
validation of our protocol, further underscores the practical relevance and e↵ectiveness of our approach. The success
of these experiments not only validates the theoretical underpinnings of our protocol but also showcases its potential
for real-world quantum computing applications.

We believe our new method has many applications in quantum machine learning, quantum chemistry, and quantum
many-body physics. The randomized measurements dataset serves as a succinct classical description of a quantum
state. By predicting many di↵erent Pauli observables e�ciently, one can do unsupervised learning of conserved
quantities, symmetry, and phases of matter for quantum many-body systems [55, 74, 75]. A similar approach can
be used for ansatz-free Hamiltonian learning and quantum device benchmarking [43, 76, 77]. Measuring many low-
rank observables simultaneously could also lead to new applications. For example, estimating the low eigenenergy
spectrum is important for quantum many-body physics and quantum chemistry. Combining the idea of dynamic mode
decomposition [78] and measuring many low-rank observables simultaneously, one could have a better convergence
rate in predicting eigenenergies. Last but not least, it would be interesting to use modern machine learning techniques
further to improve the inference and predictions of the proposed method [79] and also improve the sample complexity
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Summary
• With locally-scrambled quantum dynamics, we extend the 

classical shadow tomography to a large class of quantum 
circuits, which is

• Scalable (efficient classical post-processing)

• Flexible (arbitrary circuit structure / quantum dynamics)

• NISQ friendly (shallow circuits, simple gates, available 
devices)

• We expect our approach to have broad applications in many 
quantum information processing tasks (e.g. quantum error 
mitigation)
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Thanks for your attention!




